The production of the heavy (cc)-quarkonium, (cb)-quarkonium and (bb)-quarkonium states [(QQ ′ ) quarkonium for short], via the W + semi-inclusive decays, has been systematically studied within the framework of the non-relativistic QCD. In addition to the two color-singlet S-wave states, we also discuss the production of the four color-singlet P -wave states |(QQ ′ )( 1 P1)1 and |(QQ ′ )( 3 PJ )1 [with J = (0, 1, 2)] together with the two color-octet components |(QQ ′ )( 1 S0)8 and |(QQ ′ )( 3 S1)8 . Improved trace technology is adopted to derive the simplified analytic expressions at the amplitude level, which shall be useful for dealing with the following cascade decay channels. At the LHC with the luminosity L ∝ 10 34 cm −2 s −1 and the center-of-mass energy √ S = 14 TeV, sizable heavy-quarkonium events can be produced through the W + boson decays, i.e. 2.57 × 10 6 ηc, 2.65 × 10 6 J/Ψ and 2.40 × 10 6 P -wave charmonium events per year can be obtained; and 1.01 × 10 5 Bc, 9.11 × 10 4 B * c and 3.16 × 10 4 P -wave (cb)-quarkonium events per year can be obtained. Main theoretical uncertainties have also been discussed. By adding the uncertainties caused by the quark masses in quadrature, we obtain Γ W + →(cc)+cs = 524.8 
I. INTRODUCTION
The study of the W boson is helpful for understanding the electroweak interactions and for searching new physics beyond the standard model. With the LHC luminosity rising up to L ∝ 10 34 cm −2 s −1 and running at the center-of-mass energy √ S = 14 TeV, large amount of W bosons about 10 10 events per year will be produced. This makes the LHC a much better W boson factory than the TEVATRON [1] [2] [3] , and more W boson rare decays can be adopted for precise studies. In Refs. [4, 5] , the authors have discussed a class of W boson semi-inclusive decays to the lowest S-wave heavy-quarkonium states (QQ ′ ) with Q and Q ′ stands for the c-quark or the bquark respectively. Their results show that large number of heavy-quarkonium events through the W boson decays can be found at LHC, so these channels shall be helpful for studying heavy-quarkonium properties.
Intuitively, the heavy-quarkonium production process could be understood in terms of two distinct steps: the production of the QQ ′ pair and the subsequent evolution of the QQ ′ pair into the quarkonium. Different treatment of the evolution leads to different theoretical models, among which the non-relativistic QCD (NRQCD) [6] is widely adopted. In the framework of NRQCD, a doubly heavy meson is considered as an expansion of various Fock states. And in addition to the two colorsinglet S-wave states |(QQ ′ )( 1 S 0 ) 1 and |(QQ ′ )( 3 S 1 ) 1 , the naive NRQCD scaling rule shows that the four colorsinglet P -wave states |(QQ ′ )( 1 P 1 ) 1 and (QQ ′ )( 3 P J ) 1 [with J = (0, 1, 2)] together with the two color-octet components |(QQ ′ )( 1 S 0 ) 8 and |(QQ ′ )( 3 S 1 ) 8 shall also give * wuxg@cqu.edu.cn sizable contributions to the production. Here the thickened subscripts of (QQ ′ ) stand for the color indices, 1 for color singlet and 8 for color octet; the relevant angular momentum quantum numbers are shown in the parentheses accordingly. These higher excited (QQ ′ )-quarkonium states may directly or indirectly decay to their ground state via the electromagnetic or hadronic interactions with high probability. It is interesting to study higher Fock states' contributions to make a sound estimation on the heavy-quarkonium production, and hence to be a more useful reference for experimental studies.
Moreover, the heavy-quarkonium production itself is very useful for testing perturbative QCD [7] [8] [9] . For example, since its discovery by the CDF collaboration [10] , the B c meson being the unique 'doubly heavy-flavored' meson in the standard model has aroused people's great interest. The 'direct' hadronic production of the B c meson has been studied systematically in Refs. [11] [12] [13] [14] . As a compensation, it would be helpful to study its 'indirect' production mechanisms. Because sizable top-quark and W boson events shall be produced at the LHC, the production of B c through their decay shall be helpful for determining the B c -meson properties, since too many directly produced B c events shall be cut off by the trigging condition at the LHC [7] [8] [9] . A systematical study on the B c -meson production through the top-quark and the Z 0 boson decay can be found in the literature [15] [16] [17] [18] [19] [20] . In the present paper, we shall make a systematic study on the B c meson production through the W boson decays.
To deal with the heavy-quarkonium production through the W boson semi-inclusive decays, one needs to derive the squared amplitude, which is usually done by the conventional trace technique. The analytical expression for the squared amplitude of the S-wave case can be found in Ref. [4] , however it is hard to write down the squared amplitudes for the P -wave cases, which is much too complex and lengthy. One important way to solve this is to deal with the process directly at the amplitude level. For this purpose, the helicity amplitude approach and the improved trace amplitude approach have been suggested in the literature. As for the helicity amplitude approach [21] , all the amplitudes can be expressed by the complex valued helicity amplitudes that can be numerically calculated, an explicit example of which to deal with the case of massive spinors can be found in Ref. [14] . While for the improved trace amplitude approach suggested and developed by Refs. [16] [17] [18] [19] , the hard-scattering amplitude can also be expressed by the dot-products of the particle momenta as that of the squared amplitude, it is, however, done at the amplitude level and is much more simpler. In the present paper, we shall adopt the improved trace amplitude approach to derive analytical expressions for all the mentioned Fock states, and to be a useful reference, we simplify its form as compactly as possible when fully applying the symmetries and relations among them.
The paper is organized as follows. In Sec.II, we show our calculation techniques for the mentioned W + semiinclusive decays to the heavy-quarkonium. In Sec.III, we present the numerical results and discuss on the properties of the heavy-quarkonium production through W + decays. The final section is reserved for a summary. To make the paper more compact, we present the detailed formulas for dealing with the process under the improved trace amplitude approach in the Appendix.
II. CALCULATION TECHNOLOGY
We shall deal with some typical W boson semiinclusive processes for the heavy-quarkonium production, i.e. W + (k) → (QQ ′ )[n](q 3 ) + q(q 2 ) +q ′ (q 1 ), where q and q ′ stand for the Cabibbo-Kobayashi-Maskawa (CKM) favored quark and anti-quark accordingly, and k and q i are momenta of the corresponding particles. According to the NRQCD factorization formula [22] , its total decay width dΓ can be factorized as
where O H (n) describes the hadronization of a QQ ′ pair into the observable quark state H and is proportional to the transition probability of the perturbative state (QQ ′ )[n] into the bound state. As for the color-singlet components, their matrix elements can be directly related to the wave functions at the origin for the S-wave states or the first derivative of the wave functions at the origin for the P -wave states [6] , which can be computed via the potential models [23] [24] [25] [26] [27] [28] and/or potential NRQCD [29, 30] and/or lattice QCD [31] respectively. As for the color-octet components, their matrix elements are to be determined experimentally, which are smaller than the color-singlet matrix elements by a certain v 2 order. Here v is the typical velocity of the heavy quark or anti-quark in the quarkonium rest frame, v 2 ≃ 0.3 for J/Ψ and v 2 ≃ 0.1 for Υ. More specifically, based on the velocity scaling rule and under the vacuum-saturation approximation, we have [6, 7, 13, 32] (
and
where ∆ S (v) is of order v 2 . The short-distance decay width
where means that we need to average over the spin states of the initial particles and to sum over the color and spin of all the final particles. In the W + rest frame, the three-particle phase space can be written as
The 1 → 3 phase space with massive quark/antiqark in the final state can be found in Refs. [16, 18] . To shorten the paper, we shall not present it here. With the help of the formulas listed in Refs. [16, 18] , one can not only derive the whole decay width but also obtain the corresponding differential decay widths that are helpful for experimental studies, such as dΓ/ds 1 , dΓ/ds 2 , dΓ/d cos θ 13 and dΓ/d cos θ 23 , where 13 is the angle between q 1 and q 3 , and θ 23 is the angle between q 2 and q 3 in the W + rest frame, respectively. And then our task left to deal with is the hardscattering amplitude for the specified processes
Their amplitudes can be generally expressed as
where m stands for the number of the Feynman diagrams, s and s ′ are spin indices, i and j are color indices for the outgoing quark and antiquark. The overall factor C = C s or C o stands for the specified quarkonium in the color-singlet and the color-octet states respectively.
where √ 2T b stands for the color factor of the coloroctet quarkonium state. V CKM stands for the CKM matrix element, V CKM = V cs for W + → (cc)[n] + cs and
, where (cQ ′ ) stands for the quarkonium Fock states |(cQ
A
For convenience, we present these two processes as
, where Q ′ stands for c or b quark accordingly. The Feynman diagrams of the process are presented in Fig.(1) , where the intermediate gluon should be hard enough to produce a cc pair or bb pair, so the amplitude is perturbative QCD calculable.
, where Q stands for the c or b quark accordingly. The Feynman diagrams of the process are presented in Fig.(2) . For the (Qb) quarkonium in S-wave states, A n reads
And for the P -wave states, A n can be written as (20) and
The quark momenta q 31 and q 32 , and the projectors Π 0 q3 (q) and Π ν q3 (q) have the same meaning as those listed in the last subsection, and one needs to change the two constituent quarks there (c and Q ′ ) to be (Q and b).
C. Analytical expressions for the mentioned amplitudes
As mentioned in the Introduction, we adopt the improved trace technology to deal with the hard-scattering amplitude (6) . Detailed processes of the approach can be found in Refs. [16] [17] [18] [19] , here for self-consistency, we shall present its main idea and our main results.
For the present considered W boson semi-inclusive de-
, there are one quark and one antiquark in the final state. Under the approach, we first arrange the whole amplitude into four orthogonal sub-amplitudes M ±s±s ′ according to the spins of the outgoing quark with spin-index s and antiquark with spin-index s ′ , then transform these subamplitudes into the trace form by properly dealing with the massive spinors with the help of an arbitrary lightlike momentum k 0 and an arbitrary space-like momentum k 1 , k one can choose them to be those that can maximumly simply the analytical expressions for the amplitude. 
where m stands for the number of basic Lorentz structures B j (n), whose values depend on the heavyquarkonium state [n] . The independent lorentz structures B j (n) for all the Fock states and the explicit expressions for the Lorentz-invariant coefficients A 1,2 j (n) and A
3
′ ,4 ′ j (n) are put in the Appendix.
III. NUMERICAL RESULTS
We adopt the following values to do the numerical calculation [34, 35] : m W = 80.399GeV, Γ W + = 2.085GeV, m c = 1.35GeV, m b = 4.90GeV, m s = 0.105GeV, |V cs | = 1.023 ± 0.036 and |V cb | = 0.0406 ± 0.0013. Leading-order α s running is adopted and we set the renormalization scale to be 2m c for charmonium and (cb) quarkonium, and 2m b for bottomonium accordingly, which lead to α s (2m c ) = 0.26 and α s (2m b ) = 0.18. Non-perturbative matrix elements can be related to the wave function at the origin Ψ S (0) = 1/4πR S (0) and the first derivative of the wave function at the origin Ψ ′ P (0) = 3/4πR ′ P (0), where we adopt [28] 
As a cross-check, in addition to the improved trace technology, we also adopt the traditional trace technology for dealing with the mentioned processes. Numerically, we obtain a nice agreement between these two approaches for all the above mentioned decay channels and heavy-quarkonium states. Moreover, it is found that our numerical results for the color-singlet S-wave cases agree with those of Ref. [4] under the same input values.
A. Basic results
As a reference, we calculate the decay widths for the basic processes W + → c +s and W + → c +b. Their decay width can be written as
where m 1 = m c , m 2 = m s or m b , and
V CKM = V cs for W + → cs and V CKM = V cb for W + → cb respectively. Then, we obtain Γ W + →c+s = 713.6 MeV . It is found that the squared amplitude for the color-octet decay width is suppressed by eight times to that of the color-singlet case. As a combined effect of such color suppression and the relative velocity suppression (v 4 -suppression), the color-octet channels are quite small in comparison to their corresponding color-singlet production channels as shown by TABs.(I,II,III,IV) explicitly. So in the following discussion, if not specially stated, we shall not include the coloroctet states' contributions. We should point out that for the processes with a much more complicated color structures, due to the cancellation and enhancement of different color structures of the heavy-quarkonium, those color states other than the color-singlet state may also give sizable contributions. Two such examples for the direct hadronic production of B c and Ξ cc can be found in Refs. [13, 14, 36, 37] , where the color-octet (cb)-quarkonium and the color-sextuplet (cc)-diquark can provide sizable contributions up to ∼ 10% − 20% to the final meson/baryon production cross section.
For the charmonium production channel W + → (cc)[n] + cs, its total decay width for all the P -wave states is 165 KeV, which is comparable to that of η c or J/ψ, i.e. it is about 95% (92%) of that of η c (J/ψ). For the (cb)-quarkonium production, the total decay width for all the P -wave states is about 28% (33%) of that of B c (B * c ) for W + → (cb)[n] + bs; and is about 69% (47%) of that of B c (B * c ) for
, it is enhanced by the phase space, since it is easier to generate a (cc)-pair than a (bb)-pair. So as a combined result, the decay width of
+ bs by only 1/10. For the bottomonium production, the total decay width for all the P -wave states is about 13% of that of η b or Υ. Sizable decay width for the P -wave quarkonium states shows that one needs to take the P -wave states into consideration for a sound estimation, especially for the channels of the charmonium and the (cb)-quarkonium.
To show the relative importance among different Fock states more clearly, we present the differential distributions dΓ/ds 1 and dΓ/ds 2 in Figs. (3, 4, 5, 6) , and the differential distributions dΓ/d cos θ 13 and dΓ/d cos θ 23 in Figs. (7, 8, 9, 10) . Here two invariant variables,
2 and s 2 = (q 1 + q 2 ) 2 , θ 13 stands for the angle between q 1 and q 3 , and θ 23 stands for the angle between q 2 and q 3 in the W + -rest frame. The curves for |(QQ
are presented. Since the difference between the color-singlet Swave states and the color-octet S-wave states is an overall color factor, the shapes of their curves are the same, so we do not present the curves for the color-octet ones in these figures. 
As for the decay channels W + → (cc)[n] + cs and W + → (cb)[n] + bs, becauses is much lighter than the heavy quarks, the largest dΓ/d cos θ 13 is achieved when the quarkonium ands move back to back (θ 13 = 180
• ) or the quarkonium and the outgoing heavy quark move in the same direction (θ 23 = 0
• ), which is shown in Figs. (7, 8) . While for the decay channels W + → (cb)[n] + cc and W + → (bb) + cb, as shown in Figs. (9, 10) , the largest dΓ/d cos θ 13 is achieved when θ 13 = 0
• and the largest dΓ/d cos θ 23 is achieved when θ 23 = 180
• . This shows that the maximum differential decay width is obtained when the quarkonium and the outgoing antiquark move in the same direction or the quarkonium and the outgoing quark move back to back in the W + rest frame. Considering that the LHC runs at the center-of-mass energy √ S = 14 TeV with luminosity 10 34 cm −2 s −1 , one expects that about 3.07 × 10 10 W + -events per year can be generated [4] . Then we can estimate the heavyquarkonium events generated through W + decays, i.e. 2.57 × 10 6 η c , 2.65 × 10 6 J/Ψ and 2.40 × 10 6 P -wave charmonium events per year can be generated; 1.01 × 10 
shows that it is hard to find the bottomonium through W + decays even at LHC. However, it might be possible to measure J/ψ and B c events through W + decays, since W + is charged particle and one may identify these particles through their cascade decay channels as J/ψ → µ + µ − and B c → J/ψ + π or B c → J/ψ + eν e with clear signal. Bearing the situation pointed out here and the possible upgrade for the LHC (SLHC, DLHC, etc. [38] ) in mind, the possibility to study the charmonium and the (cb)-quarkonium via the W boson decays is worth thinking seriously about.
B. Uncertainty analysis
In this subsection, we discuss the uncertainties for the charmonium and the (cb)-quarkonium production through W + decays. For the present leading-order calculation, their main uncertainty sources include the non-perturbative boundstate matrix elements, CKM matrix elements, the renormalization scale µ R and the quark masses m b , m c and m s . In the literature, the Brodsky-Lepage-Mackenzie (BLM) method [39] or the principle of maximum conformality (PMC) [40] provides a feasible way to derive a 
precise QCD predictions. The main idea of BLM/PMC is to sum all the non-conformal {β i } terms in the perturbative expansion into the running coupling, and then the remaining terms are identical to that of a conformal theory and are renormalization-scheme independent. At the present, the bound state and CKM matrix elements and α s emerge as overall factors and their uncertainties can be conveniently discussed when we know their values well, so we shall not discuss their uncertainties in the present paper. In the following, we shall concentrate example. One may observe that even though its phasespace is slightly affected by m c , i.e. the maximum value of
W ) remains almost unchanged, the total decay width shall be decreased by about 3 − 5 times for various (cc)-quarkonium states by varying m c from 1.10 GeV to 1.60 GeV. Such a big uncertainty is mainly caused by the fact that it is harder for an intermediate hard gluon to generate a heavier (cc)-pair. More explicitly, at the specific momentum region with q main contribution to the decay width, there is a strong suppression factor of (1.60 4 /1.10 4 ) ∼ 4.5 for the S-wave production by varying the c-quark masses from 1.10 to 1.60 GeV 2 . Moreover, one may observe that the decay widths for P -wave states are more sensitive to the quark masses than the case of S-wave states. Varying m s ∈ [0.080, 0.130], one may observe that the decay width of W + → (cc)[n] + cs is almost unchanged for the S-wave states, but shall cause sizable changes 
for the P -wave states, i. If assuming the higher excited heavy-quarkonium states decay to the ground color-singlet and spinsinglet state with 100% efficiency via electromagnetic or hadronic interactions, then we obtain the total decay width of W + decay channels, Figs.(11,12) . The contributions from the color-singlet S-wave and P -wave states have been summed up for convenience. And in Figs.(11,12) Fig.(11) .
IV. CONCLUSIONS
In the present paper, we have made a detailed study on the heavy-quarkonium production through W 
spinors.
Numerical results show that the P -wave states in addition to the S-wave states can also provide sizable contributions to the heavy-quarkonium production, so one needs to take the P -wave states into consideration for a sound estimation. More explicitly, for the charmonium production channel W + → (cc)[n] + cs, the total decay width for all the P -wave states is 165 KeV, which is comparable to that of η c or J/ψ. For the (cb)-quarkonium production, the total decay width for all the P -wave states is about 28% (33%) of that of B c (B * c ) for 
APPENDIX: AMPLITUDES FOR
We shall only list the results for the first type of semiinclusive process
. The results for the second type of process
To shorten the notation, we first define some dimensionless parameters
where
The short notations for the denominators are
where q 
, there are three Lorentz structures,
, there are eleven Lorentz structures,
where ε(q 3 ) stands for the polarization vector relating to the spin or the orbit angular momentum of |(cQ
with J = 0, 1, 2, there are thirty-four Lorentz structures,
Non-zero coefficients A 2 j and A
2 − 2(r 1 + r 2 )r 3 + 2r 1 (r 1 + r 2 ) − 2u)y +d 2 (−4y 2 + (r 3 2 + 2r 1 r 3 − 4r 2 (r 1 + r 2 ) + 4u)y + 2y − 2u − 2r 1 (r 1 + r 2 − r 3 )(x − 1))),
Non-zero coefficients A 
(2d 21 r 1 2 (4r 3 y 2 − 2(r 3 (2r 1 2 + r 3 r 1 + r 2 (r 3 − 2r 2 ) + 1) + 4r 1 u)y 
αβ is the symmetric tensor and ε 1 αβ is the anti-symmetric tensor, and the fact that ε 1 αα = ε 2 αα = 0. so the terms involving the following coefficients have no contributions to the square of the amplitude, and practically, we can safely set the coefficients before them to be zero 8, 9, 11, 12, 13, 15, 16, 17, 19, 20, 21, 22, 23, 24, 25) (131) 2, 5, 26, 27, 29, 31, 33, 34) (132) 2, 5, 8, 11, 12, 13, 16, 17, 19, 20, 21) .
Non-zero coefficients A 1 j and A
+d 1 (8r 3 r 1 3 + 2(r 3 2 + 4r 2 r 3 + 2u)r 1 2 + (−5r 3 3 + 2r 2 r 3 2 − 2ur 3 + 4xr 3 + 4r 2 u)r 1 − r 2 r 3 (r 3 2 + 2u))), −2r 1 x)(r 1 (2(r 1 + r 2 ) + r 3 ) + 2(u − y)) + d 1 r 3 (12r 3 r 1 2 + 2(r 3 2 + 2r 2 r 3 + 2u)r 1 − r 3 (r 3 2 − 6u + 4y)))),
+d 22 (xr 1 3 + r 3 (y + 3z)r 1 2 + (−xr 2 2 + r 3 (3y − z)r 2 + u − 2(x − 1)x − 2(u + x)y −r 3 2 (y + 2z))r 1 − 2r 2 2 r 3 y + r 3 (r 3 2 + 2u + 2z − 1)y + r 2 (−yr 3 2 − u + 2(u + x)y))),
+d 2 (2r 3 r 1 2 − (3r 3 2 + 2r 2 r 3 + 4y − 2)r 1 + r 3 (r 3 2 + 2y − 1))), (160)
−2(r 3 2 + 4r 2 r 3 − 2u + 2x)r 1 3 − (3r 3 3 − 4r 2 r 3 2 + 2(−2r 2 2 + u − 3x + y + 1)r 3 +4r 2 u)r 1 2 + r 3 (r 3 3 + (−2r 2 2 − 2u − 2x + 3y + 1)r 3 + 2r 2 (u + y))r 1 − r 2 r 3 2 y)), +d 22 (xr 1 3 + r 3 (y + 3z)r 1 2 + (−xr 2 2 − r 3 (3y − z)r 2 + u − 2(x − 1)x − 2(u + x)y − r 3 2 (y + 2z))r 1 −2r 3 y 2 + r 2 u + r 3 y − ((r 2 − r 3 )(r 3 2 + 2r 2 r 3 + 2u) + 2(r 2 + r 3 )x)y)),
(r 3 r 1 4 − (r 2 r 3 + 3x)r 1 3 + (2r 2 x + r 3 (−r 2 2 + u + x − 2z))r 1 2 + (r 3 r 2 3 + xr 2 2 +r 3 (x + 4y − 2)r 2 + 2x 2 − u − 2ux − 2x + 2(u + x)y + r 3 2 (y + 2z))r 1 + 2r 3 y 2 − (r 2 + (r 2 2 − 1)r 3 )u −(r 3 3 + r 2 r 3 2 + (−2r 2 2 + 2u − 2x + 1)r 3 − 2r 2 (u + x))y), +(3r 2 r 3 2 + ur 3 + 2r 2 u)r 1 − (2r 2 2 + r 3 2 + 1)u + 2(r 3 2 + u)y))), (r 3 2 (d 2 (2xr 2 2 + x − 2xy − r 3 2 (x + 2z) − r 1 (2r 2 x + r 3 (y − z))) −d 1 (r 3 2 + 2u)(y − z)) − 2d 21 r 1 2 ((r 1 2 − r 2 2 + 1)r 3 − 2r 1 x)(2(r 1 − r 2 )x + r 3 (y − z))), −d 1 (r 3 2 + 2u)y) − 2d 21 r 1 2 ((r 1 2 − r 2 2 + 1)r 3 − 2r 1 x)((2r 2 + r 3 )y + 2r 1 (x − z))), (y − z).
